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We give a general Tauberian gap theorem for a class of Fourier kernels which
includes that of the Hankel transform F(x)={& /xu J,(xu) f(u) du, vz —L
Further, we discuss applications to Fourier gap series and the differentiability of
g{x) =32, (sin mn’x)/mn*, 1 < p <3, a series supposedly due to Riemann, studied
by G. H. Hardy in 1916.  © 1986 Academic Press, Inc.

1. INTRODUCTION

We are interested in the asymptotic behavior of the Fourier gap series

c(x)+s(x):= Y (a,cos A x+bsin A, x), x = xq,
k=0

O0=ldo<h <A< '+ <Ay— 00,  Ago1—de2roAlLy(A), 0<B<1,

ro>0, L, slowly varying,

and will show that most of the results concerning nondifferentiability of
certain series are special cases of a general Tauberian gap remainder
theorem. One such case is:

Suppose >, (lax] +|bi]) < oo and L,, L, are slowly varying functions.
Then the conditions

C(O)'C(")}z O(x™Ly(1/x)) [resp. o---)] as x >0+, m>0,
s(x)
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i {ak}_-: O((u®Ly(u)) ™™ L(u)) [resp. o( -+~ )] as u — oo.

k=n bk

We will show that differentiability depends strongly on the asymptotic
behavior of the tail sums

Y (a, cos Ay X + by sin A x).
k=n

The particular case =1, L, =1, i.e, the case of Hadamard gaps, was com-
pletely treated by Freud [4, 5], Hsiech T'ing-Fan [10], Belov [1] and the
author [127. It was indeed Professor Freud who in 1962 was the first to
return to this old problem.

Smaller gaps are much more delicate to handle and often demand deep
results from number theory. However, we can show that the series

& sin(nn” log” nx + ¢,)

1< S—la R; =15 ;n
T log? (I<pu<y peR; u p>1; ¢,eR)

n=2

is nowhere differentiable. The best known example of this type is the so-
called Riemann function

sin zn%x

l<pu<3l.

g.x)= i

n”

Hardy [8] established the nondifferentiability of g,(x) for all irrational
values of x (and some rational) and u < 5/2. Interest in this problem has
been revived by contributions of Gerver [6,7], Queflelec [18], Smith
[20], Neuenschwander [14], Segal [19], Mohr [13], and Itatsu [11] as
well as Butzer and Stark [2]. The basic result of these contributions is that
g, has no finite derivative at any point other than those of the form x=
(24 + 1)/(2B + 1), where it has derivative —1/2.
In the second part of this paper we will deduce the following:

THEOREM 2. The function g,(x) has a finite derivative at x=r/s,

(r,s)=1, 0<x<1, 32<u<3, if and only if rs=1 (mod2). g,(x) is
nowhere differentiable if 1 < u<3/2.

More precisely, g,(x) cannot satisfy the condition

gu(§+h>*gu<§>=0(|h|‘"~”/2) as h—0

for any rational x=r/s, (r,s)=1, rs £ 1 (mod 2).
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2. GENERAL TAUBERIAN THEOREM

Let us formulate the general gap theorem needed in a convenient form
and now list the assumptions to be used. All functions are assumed to be
real and measurable. We consider the transform

Fx)= [ k(o) flu) du. 2.1)

0

Assumptions on the function f:
There are constants o, > o >0 such that:
(a) uf(u)e L'(0, 1),
(b) fe BV[1, ),
(c) f(u)=» 0 as u— oo,
(d) fw)=o(u™'""), 0<u<l. (2.2)
(b) together with (c) can be replaced by:
(b*) feL*[1, o) and L‘f k(xu) f(u) du converges for 0 < x <aq,

(c*) f bounded in [1, oc).

Assumptions on the kernel &:

(C,) k(u) and k,(u) :=jg k(x) dx are bounded in 0<u< o0,

(C,y) k(u)=0(u*) as u—0+4+, >0 or, in the case a=0, k(u)=
k(0)+ O(u™) as u—0+, k(0)#0, o' >0, and k,(u):= {4k (x) x 'dx is
bounded in 0 <u< 0.

k™(s) denotes the Mellin transform of k(u):

k%):[m W e(u) du,

0

the integral being assumed to converge absolutely or conditionally. We
need a further assumption:

(C3) kM(s) kM(1—s)=1,0<Res< 1.
Then, k satisfying (C,), (C,), (C;) is a symmetric Fourier kernel and
(2.1) defines a unitary transformation on L*(0, c0). The following condition

(C,) is satisfied by a large number of Fourier kernels, including that of the
Hankel transform for which k(u) = /u J,(u), v= —1/2.
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(C,) k™(s) is meromorphic and has no zeros in —a; <Res<1+a,
o, > o, and there holds uniformly in the strip as [Im s| - o

1/kM(s)=0((1 +[s|) "o+ 1),

We now introduce two classes of auxiliary functions: F(x) will be
dominated by x™ ' L(1/x) w(x) (x—0+), where w is positive and non-
decreasing such that

wlxy) Swey'w(x),  we>0,x>0,y>1,5>0,

and L slowly varying in the sense of Karamata, i.e., L positive, measurable,
locally bounded and

L(Au)/L(u)—1 as u— o for every A>0.
The most important case is w(x)=x°, L(u)=|logu|?, peR.
We now come to our general Tauberian gap remainder theorem.
THEOREM 1. If

(1) [ and k satisfy the assumptions (2.2} and (C,), (C,), (C;), (C,),
respectively,

(ii) for all u=u, there is an interval I(u) with
ue () and \Ku)|/(WPLyu))=r,>0, 0<B<1,
such that f(u) fullfils the following Tauberian condition in I(u):

sup £ (@) = f@) <o HH=PL (o) Ly P(v) w(l /o),

Bwe l(u),1v — v| < rovfLa(v)

where 0 <m (0<m for a>0) and 0<m+b<a, +1,
(iii) L, and L, are slowly varying, u”~'L,(u) is nonincreasing and L,
satisfies the inequality

L (u“)/L(uy<K,, 0<1/dy<d<dy, uzuyg,
Jfor each finite d,.
Then under the further hypothesis

F(x)= Lm k(xu) f(u) du=O(x™"'L(1/x) w(x)) as x >0+,

it follows that
fw)y=0@ "+ =BL (u) Ly™b(u) w(l/u)) as u — .
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Remark. The “O” result can be replaced by the corresponding “o”
result.

The proof is to be found in [12, pp. 70-72]. However, we give an out-
line. First transform the integral (2.1) into the convolution form:
x - e(—2nx), u—e(2ny), e(x)=exp(x), ¢(x)=e(2nx) fle(2nx)), K(x)=
2mk(e( —2mx)), Y(x) = Fle(—2nx)), Y(x) = (Kx §)(x) := [~ K(x— ) ¢(¥)
dy. Then define a suitable function Q via @ xy(x)=(Q x K) x ¢(x) for all
real x, and derive the important relation

|fle(2nx)) <4 sup  (fle(Zn(x— y))) E(y) — fle(2n(x —v))) E(v))

Osv—y<g2/Q2

+6e{—2nx}|OxY(x) =T+ T,,

say, where E(y)=e(—£&Q?-y?), £ >0. Next one estimates the first term T
on the right side with the aid of the Tauberian condition

sup |f(e(2n7)) — f(e(2ny))|

Fyelle2ax)), ¢ — vi<re2n(f — 1)yv)Lye(2ny))
= O(e(—2nfmy) e(2nb(1 — ) y) L; "~ "(e(2my)) L (e(2mp)) wle( —2my))),

where |I(e(2nx))| Zre(2a(f—1)x) L,(e(2ux)), r>0, x=x,. If 2/Q<
min(r,, 6/8) e(2n(f— 1) x) L,(e(2nx)), and & is small enough, we get for
some r; < 1

T <K, sup [ fe(2n(x —v))) e(—£Q%%/2)]

Se(2n(B — 1)) La(e(2mx)) < Biv| < 4d
+ il fle(2nx))| + K, e( — £2°d°/16)
+ K,e(—2mpmx) e(2nb(1 — B) x)
x Ly™ *(e(2rnx)) L,(e(2nx)) w(e(—2mx)),

when x € X, where X denotes the set of all x > x, whose distance from both
ends of [ is greater than (6/4) e(2n(f — 1) x) L,(e(2nx)), 6 = (r). For the
second term T, we find

T, < K, Q7" %e(—2nmx) L,(e(2nx)) w(e(—2nx)) as x - 0.

Therefore,

| fle(2nx))| < K, sup | f(e(2m(x —v))) e(— EQ%0%/2)

Se(2nx(f — 1)) Ly(e(2nx)) < 8|v| < 4d

+ K, Q™+ be(—2nmx) L,(e(2nx)) w(e(—2nx)).

Choosing Q= Q,e(2n(1 — f) x)/L,(e(2nx)) and Q, sufficiently large, the
conclusion of Theorem 1 follows by iteration.
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3. FouriER GAP SERIES

We now formulate some corollaries to Theorem 1. Given

g(x)= i (a,cos A, x+ b, sin 4, x)=: c(x)+ s(x), 3.1

k=0

where {1,} increases (4,=0) and A, ., — A, = roL,(4,) A5, ry>0, k= k,,
0<pB<l.

COROLLARY 1. Suppose 37 o (la ]+ [bi])< o0, and L,, w are given as
in Theorem 1. Then the conditions

c(0)—c(x)
s(x)

mz=0
}=0(x”'L1(1/x)w(x)) [resp. o(--- )] as x =0+, {m>0

imply that
Z {Zk}=0(ﬂ.;mﬁ+b(1‘/j)Ll(in)LZmﬁh(i”) w(l/4,))
k=n k

[resp. o(-+)] as n— co.

Proof PUtf(u)=Z/3°=oak’ u:O’f(u):"ZliO:n{Z:}’ ;“nfl < ug'ln’ n= 1’
2, 3,.... Then ¢(x), s(x) of (3.1) can be written as

c(x)= — fooi cos(xu) df(u)=c(0)—x j: sin{xu) f(u) du,

s(x)= —J: sin(xu) dfiu) =x J‘: cos(xu) f(u) du.

Note that \/nu/2 J_,(u)=cosu and /nu/2 J,,(u)=sinu are Fourier
kernels and satisfy the conditions (C,),..., (C,). Thus we can apply
Theorem 1 directly.

Differentiability in the case =1, L,(u) =1, i.e., for Hadamard gaps, was
compiletely treated by Freud [4, 5], Hsiech T’ing-Fan [10], Belov (1], and
in [12]. This result is contained in:

CoRrOLLARY 2. (a) If g(x) of (3.1) is differentiable in at least one point,
then

Apa,—0,4,b,—0asn— .

(b) If

An(024+b52)'? -0 as n— o,
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then g(x) is smooth and differentiable in each interval at an infinite set of
points. g(x) is differentiable at those and only at those points x where the
series obtained by formal differentiation is convergent and the derivative of g
coincides with this sum.

Remark. Part (a) follows directly from Corollary 1; part (b) must be
obtained independently.

Setting b=0, L,(u)=L,(u)=1, w(x)=1, our Corollary | contains
another well known precise result given by Hsieh T’ing-Fan [10]:

COROLLARY 3. [f g(x) satisfies a Lipschitz condition of order m, m >0,
at x,, then it follows that

a,,b,=0(A; ™) as n - oo.
If g{(x) is differentiable at x, then
a,, b,=0(A;%) as n—> w.

Remark. Hardy [9] and Hsieh T'ing-Fan [10] establish slightly more:
E.g., the series 3=, (sin nn’x)/nn is divergent for certain irrational x and

n=1

nowhere differentiable.

ExaMmpLE. The function

glx)= i W

n=1

O<v<,ugy, ¢,eR)

is nowhere differentiable.
Here m=pf=1 and L,(u)=log" "u, w(x)=1. We may assume
without loss of generality that g'(x,)=0. It follows that

n' ~#le(n')=o(n'""/e(n*)) as n - .
This contradiction establishes the result.

Note that Prohorenko [17] showed the nondifferentiability of this g(x)
for almost all real x where v 1/2, u<3/2.
4. FURTHER APPLICATIONS

Next, we study the special sequence {4}, 4, =k"log’k, k=k,, v>1,
p € R. Then,

Skt — A= ALY log?” Ay, ¢, >0.
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Put L,(u)=1log"”" u, b=0, w(x)=1, f=1—1/v, m>0. In this regard we
obtain:

COROLLARY 4. Under the hypothesis
8(x) — g(xg) = O(lx — xo|™ Ly(1/1x — xo|)) [resp. o(--)]

as x - xq it follows that

°° cos A, x sin A, x
0,(xp) = Z ak{ Ko }+bk{ “ 0}
k=n

_Sin A‘.kxO COs ;kaO

= 0" "L,(n)log *™n) [resp.o( -~ )] asn — .

Proof. By Corollary 1 one has

o(x0) = O(A; ™1 =L, (4,) log~*""A,,)as n — o0,

)vn—m“ —1/v) Iog~pm/v 1" — O(n(l - vim logpm(l — )y n logfpm/v n).

ExampPLE. The function

sin(nxn’ log” n+ ¢,)

3y

nn’ 'log’n

glx)=

n

[Hask

2

for v>2 or p>1if v=2is continuous but nowhere differentiable. So series
having all relevant types of gaps are covered by the various corollaries of
the general theorem.

5. RIEMANN’S FUNCTION

We now focus our attention to the special gap series

0 M 2
sin n<x
g.x)= 3

n=1

rm— I<u<i. (5.1)

A recent informative report by Butzer and Stark [2] sheds new light on
the fascinating history of this function. As is mentioned in the articles of
Neuenschwander [14] and Segal [19], it was Hardy [8] who took up this
example of a “nondifferentiable” function and proved that g, has no finite
derivative at any point x, where x is either irrational or rational of the form
24/(4B+1) or (24 +1)/(2B), and more generally that g, is nondifferen-
tiable at any irrational value of x if u<5/2.
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Hardy’s proof depends substantiaily on results by himself and Littlewood
in a paper on Diophantine Approximation published in 1914 [9]. They
present a detailed investigation of special elliptic §-functions and of the
corresponding trigonometrical series. We recall a fundamental property of
Gaussian sums [9, p. 195], namely

) 24+1
Sulrfsy= Y e™ = (+1+i) \/5;, I 2; (A, Bintegers)
k mod 25 §
= +2./s, rjs=2A4/(4B+1) 2
= +2i /s, r/s=2A4/(4B +3) '
—0 r_ 24+1
- s 2B+1

This property is the key to the differentiability of g,.

Gerver [6, 7] in two lengthy papers, Queffelec [18] in his thesis, and
Smith [20] in a short and elegant manner show that g, has no finite
derivative at any rational point other than those of the form x = (24 + 1)/
(2B +1), A, B integers. Later, Mohr [13] and Itatsu [11] published other
nice proofs of this result.

Unfortunately, Smith’s article contains some mistakes, and one of them
seems to be rather serious. Indeed, the integral obtained by a transfor-
mation in the proof of Lemma 2 [20] diverges, and on p. 466 the relation
(10) 1s to be replaced by

Sx k)= f(x) = 2"2[S(x)F C(x) /s + O(hs¥?).

Therefore, the paragraph “Derivates at other points” (i.e., the irrational
points) seems to be erroneous since

(x,—x)"*(4q,+1)—> 0o as n - oo.

More precisely, his 4 - s does not tend to zero and so neither do the remain-
der terms at irrational values of x which are poorly approximated by
rational x,,.

We cannot handle the case where x is irrational by our methods either,
because Corollary 4 applies only to rational points without further
explanations. Thus, one must go back to Hardy’s original proof, which
utilizes elliptic #-function theory. No other proof seems to be known up to
this day. In this context Segal’s remark (cf [19, p.81]): “In any case, no
proof utilizing elliptic functions (or even indicating their relevance) is
known” is somewhat surprising. We have a further
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COROLLARY 5. Let xo=r/s, s>0, (r, s)=1, 1 <u<2. If g,(x) of (5.1)
is differentiable at the point r/s, then

2s
Sy(r/sy="3 elink’r/s)=0.
k=1
Proof. Assume that Y'%_, e(ink’r/s)=a+ib#0, and g'(x,) exists. By
Corollary 4 we conclude

i e(ink?r/s)/k* = o(1/n) as n — o0.
k=n

But the tail sum has the asymptotic behavior

o

Y e(inkzr/s)/k”zi i e(int’r/s)/(2ks + t)*

k=2Ms+1 t=lk=M
=cy(a+ib)/2Ms+1)* "'+ O0(1/(2Ms+ 1)*)as M - o, ¢, > 0.

This leads to a contradiction. Thus Tauberian theorems yield necessary
conditions for differentiability.

In the same way we can generalize the Tauberian implication of a
theorem due to Queffelec [18]. We consider a real function P, where P is
positive, nondecreasing and

Pu)~ciu’ if uzu,, v> 1,
for which further there exists a positive integer ¢ with
P(n+1) xo= P(n) xo(mod 2), nzng.
Indeed, if the series

grnlx) = 3 &:‘%ﬁ)

n=1

k<1

is differentiable at x,, then

i e(inP(n) x4)=0. (5.3)

n=1

The Abelian assertion, namely that (5.3) is also sufficient for the differen-
tiability of g, at the point x,, was announced by Gerver [7] and Quef-
felec [18]. The relevance of (generalized) Gaussian sums in all proofs,
whether of Tauberian or Abelian type, is quite evident.
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6. RIEMANN’s FUNCTION, CONTINUED

In this paragraph we want to study the degree of differentiability of the
example

o0

gx)= Y

n=1

sin nx

p—a l<pu<3i.

By generalizing the method of Smith [20] we will show that

‘Z sin ntrn’x
v—1/2
L=, mn

has no finite derivative at any rational x, = r/s. Therefore,

oc

83/2(x)= Z

n=1

sin zn’x
nn3/2

is nowhere differentiable by taking into account Hardy’s result for the
irrational x,. We will use the Smith technique because we are unable to

prove or disprove the following assertions:
Define

ix)= i sin{zn’x + ¢,,)

p— , u, v > 1.

n=1

Then the (non)differentiability of f, at the point x implies the
(non)existence of £, (x), u, > p (p, < p).

Several lemmas will be needed. For the first see Oberhettinger [15,
p- 23, 136].

LemMa 1. For —1l<u<3, u#1 one has

< g] 2
j S x cos(2nxy) dx

xﬂ

()l (55 )

jw sin 7x?
xl‘

2—u i ) 2—u 3
= —yn“/2F<—-2——> Im {e(— Z(2+,u) l> F, (—-—5—”;5; -iny2>}

640,48,3-5

0

sin(2nxy) dx

0



314 WOLFRAM LUTHER

LEMMA 2. For | y| > o0 one has

cos(2nxy) dx

_h=2 3—up =32 ip—3 H
— r(z)n ie=r (4

1 ) 1
_‘2‘|y|“sm(n( z—z))+o(|y|“'4+|y|*“'1),

J sin 7x sm(21rxy)dx
o xt

1 (4—u\ s (1+u>
A r
y) F( > )n sgn y|yI" T —

J’ sin 1rx
o]

#gsmn yiytsin (24 3) )+ Oty

Proof. For fixed values a, ¢ and as |z| - oo (see [16, p. 256])

I1a)
I'c—a)

I1c)
I(a)
where the sign is taken as positive or negative according as Imz>0 or
Im z <0, —n <arg z <n. The conclusion of Lemma 2 follows by the aid of
Lemma 1.

An elementary but tedious proof can also be given by the method of the

stationary phase as in Olver [16, p.96-104]. Indeed, without loss of
generality we may assume 0 < u < 1. Then consider the integrals

Fila;c;2)= e(+ina)z “(1 +a(lc—a—1)/z+ O(1/|z]?))

—e(2) 2 ‘(1 + (1 —a)(c — a)/z + O(1/|z]*)),

_[OO e(in(u? + 2uy))

0 u”

I, = du as y — oo.
Substituting = (u/y)' ~#, ny*=x, 1/(1 — u) =a, yields
I, =ay" j e(ixp()) dt, p(t) = 1% + 21
0

To evaluate I, we apply Theorem 13.1 {16] twice and obtain two terms of
the asymptotic expansion (as y — o0) in the form

I, =e(in(1—p)/2) I(1 — w)2ry)* =1 (1 + (2= p)(1 — p)/(4imy*) + =),



DIFFERENTIABILITY OF FOURIER GAP SERIES 315

It i1s more complicated to estimate /_ since p’() vanishes at r=0and t=1.
We split 7_ into three integrals and find

I =e(—in(1—p)/2) M1 —p)2my)*~ (1 = (2= p)(1 — p)/(4iny*) + )
+y Fe(in(3— )+ -, a8 y o 0.

LEMMA 3. Define

sin mx 1 —cos nx

1=W,X#O, $r= ) x#0, $:(0)=0, 1 <p<3.

| x|#?

Then the Fourier transform h of ¢ (x°)+ igo(x*) has the expansion for
[yl = ol x) =¢{x?), j=1,2)

. R - e(inx?)— 1
=i +iws =] UL onivy) av

e IT[X[¥

_e(=im(y?—1/4)) p=2 (3-p\ s, s <ﬁ>
- in| y|* M F( 2 >7[ e 2

+O0(y 2+ y* Y.
1 1—u

h(0) == F(—2——> 3 e(in(1 — p)/4).

Proof. Using Lemma 2,
= i —1

f e—(l?t—x—)——-(cos(hxy) —isin(2nxy)) dx
e Imx|*

2 > 2y —1
=_—j ____*__cos(nx# ) cos(2nxy) dx
in Jo X
2 = si 2
- J Smx:fx cos(2nxy) dx.
0

Integrating the first term on the right by parts gives for y #0
0 2 — 1
f &S(Fgr)—cos(2nxy) dx

0

= cos(nx?)—1 . 1 ro sin mx?
:5% . ——(qu?—s1n(27zxy)dx+;j0 7_x1—sm(27zxy)dx

_1. _ S—n . K
=37 P 2)F< 3 )l,Vl 5/1“<5>

+ 31yl *cos(n(y? —1/4))+ O(y *+|p|* ) as |y > 0.
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The result for u=2 remains valid without the second term and can be
obtained in an elementary way.
Now we shall make use of Lemma 1 in [20] to obtain an estimate of

0/(a) = i Wbk +ha)as h— 0+,  i=1,2. (6.1)

k= —co

It will depend on the Poisson summation formula. Here we need
(see [20]):

Lemma 4. If yeC(R), yY(x)=0(x"%) as |xj—-oow, u>1, and
W OONI Y<K, B> 1, it follows that O(a)=y (0)+ O(h*) as h— 0+ for
any real a.

LEMMA 5. There hold the estimates

o«

Y (hp(hk + ha) + i, (hk + ha))

k= —cc
(hk + ha # 0)

2. & cos2nka 1 [k\?
= 3—p g Z pe il —— [ —
h(0)+ cla) h +z‘h > o e(m (4 (h) >>

k=1

FOR+H %) (I<p<3,cya)eRih—0+).

Proof. 1n the case 1 <pu <2 Lemma 4 is directly applicable, in the case
2 < <3 only to the function y,.

To estimate Y . hy,(hk+ha) we introduce the function
H(x):=|x|>"*/(1 + x?) having the same asymptotic behavior as ¥/, in the
neighborhood of the origin. We find (see [15, p. 5])

I=ro xziﬂcos 27r32cy dx
o 14+x

o
= xz‘“cos2nxydx—J‘ x4
0 4]

1,=“;2nﬂ*5/zr<3—;—”> |y|“3/r(§>.

Integrating by parts we obtain

cos 21xy
“de=:1, —Iz,

1 w 3_#sin2nxy x 5_#sin2nxyd>
Iz—zr—;<—(4—,u)£) x T+ d)H—2f0 x 727 X

1 o0 cos 2nx
~ g (e [T S a0
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These estimates yield

I=1,(1+ (4 - w3 - w/(dn’y*)+ 0(y~?)) as |y - 0.

Now we can apply Lemma 4 to , — H, but we must first find the
asymptotic expansion of > hH(hk + ha), 0 <o < 1. For this purpose
we proceed as in [ 3, pp. 153-163]. Choose a contour Cy 4, symmetric about
the real axis, consisting of a segment of the line Ret =N+ 1/2 + a and two
curves Cy 4 and Cy 4. The curve Cy, is a part of a curve Cy, going from
the point 1= to infinity in the upper half-plane, and meeting each line
Ret=A, A>0, exactly once. The curve Cy , is symmetric to C, in the
real axis.

Consider now the integral

1 cot n(t—a)
Ino==— P, O0<f<a.
AT §C~g 22+ *

Passing to the limit as N — oo, we obtain

0

I,= Z (a+k)2'“/(zz+(k+oc)2)=rc 2R+ 22 di
+J 222 + ) e( = 2t — ) — 1)] dt

+j 222 + 2)(e(milt —a)) — 1)] dr
C

=j°° 2R+ ) di + dol0))22 — d,(0))2* + — - (6.2)
[
where
2k+2—u 2k+2 m
4(6) = f “omii—a) = +Lo e(2m(t—oc))—1d

if we expand the sum of the last two integrals in (6.2) in an asymptotic
series in powers of 1/z* and integrate term by term. We take =0 and
evaluate the principal term. Thus,

S hH(hk + ha) = nfcos (2 -

— 7r> +es(a) B2 H 4 O(hS ),

k= —o0
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and similarly

5 hH(hk):(g)/cos (2;ﬂn)+c5(0)h3‘“+O(hS"‘)ash—»O—#.
k=1

This will finally lead to the proof of our second main theorem:

Proof of Theorem 2. For u=1 and p=2 the resuit is given by Hsich
T’ing-Fan [10] and Smith [20]. In the other cases we proceed as in {20].
Indeed,

s} s'n 2
(g + 1)+ glx—h)2= Y = n’;ff ~ cos in’h?

n=1

¢

h
= g(x)—? Y sin(nn’x) §,(nh).
Writing n=2ks+1, 0<1<2s—1, then sin(n(2ks+ t)? r/s)=sin(nt’r/s),
and by Lemma 5
(g(x +h*) + glx —h?))/2
p=12s-1 0

=g(x)—h4s Y. sin ntx .Z

=0 n= —

2shyyr5(2ksh + th)

p—12s—1

= glx)—=— L sin(nr’ris) {¥3(0)

=0

. & cos(mkt/s) k- 2 1
— 2(2Sh) kgl T cOs (71.' (<2sh> 4>>

+ O((sh)? + (sh)* )}

Similarly, as #— 0+,
(g(x +h*)— g(x—h*))/2
* cos mnix |
=3 ——sin nn’h?

n=1

pu—12s—1 o0
=h4 S cos(arrls) S 2shy,(2skh+ th)
S

t=0 k= —wo
2ks+1t#0

hufl 2s 1

=~ Y. cos(ntr/s)- {1 (0) + cot)(2hs)®

oy § S (1 (1 (L))

k=1

+ O((sh)* + (sh)*~*}}.
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But Y% ! e(int’r/s)=0 if and only if rs=1 (mod 2), (cf. (5.1)). Thus, for
3/2<u<3,

Jim (g(x+ h*)+ g(x —h*) ~ 2g(x))/h* =0,

and the symmetric derivative lim,: _, o(g(x + #%) — g(x — h?))/h? exists if and
only if x=(24+1)/(2B+ 1), 4, B integers.
To treat the case 3/2=u>1, rs=1 (mod 2), consider

z(h) = 2{2 cos(nt’r/s) i ___cos (mkis) sin (n ((z—lscz)z——%»

k=1

-5 wwrn(e((4) )

2s—1
d.:= Y cosnt’ —cos nk—.
=90

It is easy to verify that

2s
d,=0  for k even, die=ds s 4 Y de=2s.

k=1

We put (2sh) *=u. Then YN_,(d/k*) sin(r(k’u—1)) converges

absolutely and uniformly as N — oo to the continuous, nonconstant, 2-

periodic function F(u). Thus, using the uniqueness theorem for Fourier

series, lim, . #(u) does not exist, and therefore the same holds for the

symmetric derivative at x =r/s. For the other points see Corollary 5.
Similar arguments hold for the almost periodic function

i (d k) sin(a(igu— 7))

which occurs in the following section.

7. THE CASE OF MORE GENERAL GAPS

Finally, we want to give some hints on how to handle the case

© sin n’x
g(X)ZZW’ vz2,veN.
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To carry over the method of Hardy (and Littlewood) [8,9] and to show
that g(x) has no finite derivative for any irrational x seems to be very dif-
ficult. To the best of our knowledge no further results are known.

However, the nondifferentiability at rational values of x can be settled as
in Section 6. Indeed, to evaluate

(g(x+h")+ glx—h")—2g(x))/h,

we must study the asymptotic behavior of

—— 15— c0s(2nxy) dx as y - oo.

Jw cos(nx’)—1
0 X

This leads after integrating by parts to the integral

@ sin Tx" .
J —— 7 sin(2nxy) dx.
nx

If we apply the saddlepoint method to H(y) := g x7e(—x") e(xy) dx as in
[3, p. 1411, we find the crucial asymptotic estimate

3/

——— 77— co8(2mxy) dx~cey~ ¥ sin(ne,(y "V —¢4)) as y — 0.

jw cos(nx’)—1
0 X

To complete the argument one proceeds as in the proof of Theorem 2.
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